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A structural optimization problem that deals with nonproportional damping is discussed in this paper. The
damped motion equation is transformed into a state-space form with displacements and velocities as state vari-
ables. The transformed system is in the same form as an undamped eigenvalue problem except that the system
matrices are not positive definite. Taking advantage of this familiar eigensystem, the damped eigenvalues and
eigenvectors can be obtained using widely available computer codes. The sensitivities for the damped eigenvalues
can also be analytically calculated. The structural optimization of the nonproportionally damped system is com-
pleted by using the method of optimality criterion. Two numerical examples demonstrate this proposed approach.

Introduction

THE topic of structural optimization subjected to undamped
natural frequency constraints has been broadly explored by

many researchers.1"3 As a result, various outcomes have been pre-
sented. Some of these methods have been written in computer
codes and successfully applied in practical engineering designs.

However, a similar structural optimization problem that deals
with nonproportionally damped structures with damped eigen-
value constraints is rarely addressed. In a recent survey paper by
Bellos and Inman,4 less than 40 papers discussing nonproportional
damping in the past three decades were cited. The rarity of papers
on structural optimization for nonproportionally damped structures
is not surprising. Most research into optimum design of nonpro-
portionally damped structures was confined to the extension of the
optimum design of the damped vibration absorber initially pre-
sented by Ormondryod and Hartog5 and later extended by Snow-
don.6 A generalized approach that can be applied to a common
nonproportionally damped structure has not yet been found. Since
the finite element method and various mathematical programming
algorithms as well as other methods have demonstrated their abili-
ties in handling undamped structural analyses and optimizations,
similar approaches should be applicable to nonproportionally
damped structures as well.

It is therefore the purpose of this paper to develop an optimiza-
tion algorithm which optimizes damped structures subjected to
multiple damped eigenvalue constraints. The method proposed in
this paper transforms the motion equation into state-space form.
The transformed problem is very similar to the eigenvalue problem
for an undamped system. The analyses of the eigenvalues and the
computations of the damped eigenvalue sensitivities can be fol-
lowed as for the undamped eigenproblems. The indirect method of
optimality criterion7"9 is employed to perform the structural opti-
mization work.

Theory
The general free motion equation for a viscously damped sys-

tem is

= 0 (1)
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where [M]n x n is the mass matrix of the structure, \C\n x „ is the
general viscous damping matrix, [K\n x „ is the stiffness matrix of
the structure, \U] is the displacement vector, { U } is the velocity
vector, and { U} is the acceleration vector.

Since a general damping matrix [C] is usually not diagonaliz-
able by the undamped modal matrix,10 the widely used modal sum-
mation method that decouples Eq. (1) into n independent second-
order ordinary differential equations becomes impossible. Follow-
ing standard procedures,11 the eigenproblem associated with Eq.
(1) can be cast into the following form:

where

[A] =

[B] =

-K 0
0 M

C M
M 0

(2)

(3)

(4)

and

(5)

The sensitivity calculations are indispensable to structural opti-
mization. Fox and Kapoor12 derived an analytical formula to com-
pute the eigenvalue sensitivities for undamped structures. The
result is summarized here as

(6)

where [K] and [M] are the stiffness and the mass matrices of the
undamped structure, respectively; A,,- is the /th undamped eigen-
value of the structure; a is the selected design variable; {()>,•} is the
/th orthonormal eigenvector; and the superscript T indicates a
transpose of the matrix.

Since Eq. (2) is in the same form as that for the undamped
eigenvalue problem, the sensitivity calculations for the damped

415



416 CHEN AND WANG: NONPROPORTIONALLY DAMPED STRUCTURES

system can be readily obtained by replacing [K], [M] and {§} in
Eq. (6) by [A], [B], and {#J, respectively. Equation (7) so obtained
is used to find the eigenvalue sensitivities for the damped system:

(7)
3a

where {qt\ is normalized such that { .̂}r [£]{<?,-} = 1.
The sensitivities for the real and the imaginary parts are

expressed as

and

dRe(A,.)
—————

3oc

dim (A,.)

= Re —

= Im —

where Re and Im stand for taking the real and the imaginary parts
of the complex value in the parentheses, respectively.

The method of optimality criterion that requires that the Kuhn-
Tucker necessary conditions be satisfied at optimum is chosen to
solve the structural optimization problem. The optimization prob-
lem is defined as follows:

Minimize

(10)

subjected to

and, fori = 1,2,.. . ,7,

(11)

(12)

where the linear objective function W represents the weight of the
structure and^ is the weight associated with design variable (%;
(X|) and (X") are the lower and upper bounds of the /th con-

straint, respectively; / is the number of constraints, and m is the
number of design variables.

Equations (11) and (12) show the generalized inequality con-
straints. To form the Lagrangian function, they will be transformed
into standard less than type constraints later. The real and imagi-
nary parts of the eigenvalue are specified by two constraint equa-
tions so that the Lagrangian function can be formed without using
complex numbers. Besides, the modal damping ratio that plays an
important role in the structural response is a function of those two
parts. Specifying the limits for the real and imaginary parts not
only confines the magnitude of the damped eigenvalue but also
tightly constrains the modal damping ratio for the constrained
mode in a desired range.

To form the Lagrangian function, the constraint equations (11)
and (12) are redefined as the following forms in which each range
constraint is expressed by two inequality constraints, for j = 1,

f . = Re(A,y) - < 0

g. = R e ( J t ) - Re(Aj.) < 0

<0

(13)

(14)

(15)

k. = <0 (16)

The Lagrangian function is now formed as

L (a, ji) = W (a) + £ Oiy/ fj + [ijggj + \ijhh. + \ijkk.) (17)

where L(oc, |i) is the Lagrangian function; |I7/, \\.jg , \ijh, and \jLjk are
the Lagrange multipliers.

The Kuhn-Tucker necessary conditions for optimality demand

(8) ^ + V L^i

(9) with

and, for; = 1,2,. . . , / ,

Substituting Eqs. (8), (9), and (13)-(16) into Eq. (18) yields

1 aRe(A.) aim(A7.)

(19)

(20)

To simplify the mathematical expression, let

da.

aim(

7 = 1

Equation (21) becomes

da. da
— (22)

or

(23)

(24)

Multiplying Eq. (24) by (1 - P)at results in

*ot = P- ( I -P) - a (25)

where P is a relaxation factor for controlling the move limits of
design variables in each iteration and its value is between 0 and 1.

The equal sign in Eq. (25) is valid only at the optimality point.
Therefore, an iteration loop is created based on this equation. To
clarify the use of this equation in an iteration process, it is rewrit-
ten in the following form:

= - ( l - ) - a (26)

where oc^ is the updated &th design variable, and cc^ is the current
Mi design variable.
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Table 1 Initial values of design variables
and lumped masses of example 1

Design
variable no.

1
2
3
4
5
6
7
8
9

10
11
12
13
14
Mass
1
2
3
4
5
6
7

*i,
Ib/in.
7,500
5,300
6,100
4,000
8,000
5,000

11,000
——
— —
——
——
——
——
——

M/?lb-s2/in.
10
20
15
10
5

10
1

Q,
lb-s/in.
——
——
——
——
——
——
——
30
25
20
40
50
20
10

Before entering Eq. (26) to find the updated value for o^, some
unknowns in Sk have to be solved first. Those unknowns in Sk are
the Lagrange multipliers in Eq. (22). These Lagrange multipliers
can be solved as follows.

The damped eigenvalues for the updated structure can be
approximately estimated by the first-order Taylor's series expan-
sion, for / = 1, 2 , . . . , / ,

Aa,

and

Re (A, f) - Re (A,.) +

m aim (A.)
Im (A,,-) - Im (A,,.) + V —-——Ac^

(27)

(28)

where Re(A,z) and Im^) represent the real and imaginary parts
of the /th constrained eigenvalue for the updated system, respec-
tively; Re (A,;) and Im^.) are the real and imaginary parts of the
current /th constrained eigenvalue.

The left-hand sides of these two equations can be replaced by
the desired constrained values of the /th constrained eigenvalue,
and the Aoc^ on the right-hand sides, which is the difference of oc ,̂
and oc^, can be substituted by Eq. (26). Equations (27) and (28)
thus become

(29)
,

- a, = Re(A. f ) -

Substituting Eq. (22) into Eqs. (29) and (30) for Sk results in a
linear set of equations for the Lagrange multipliers:

(31)

and, for / = 1, 2 , . . . , / ,

m I c
^-i v Iki
I I ——

aim (A.)

-«,/

where

and

3Re(A..)
aa.

aim a.)

(P-l)a ,

(32)

(33)

(34)

In Eqs. (31) and (32) the summations are carried out only over
the active design variables. If the coefficient matrix formed by
Eqs. (31) and (32) for the Lagrange multipliers is not singular, the
unique solution for the Lagrange multiplier vector is found by
solving these linear equations. The coefficient matrix may become
singular under two circumstances. The first possibility is that, dur-
ing the optimization process, if any of the constrained eigenvalues
become overdamped, then the sensitivity for the imaginary part is
zero. This zero sensitivity results in zero coefficients in Eq. (32),
and therefore a singular matrix is formed. The other possibility of
creating a singular matrix is due to the sensitivities of the active
design variables being very small or zero. In the iteration process,
if one design variable reaches its lower or upper bound, that design
variable becomes passive. Only the sensitivities of the active
design variables are used to form Eqs. (31) and (32). If these sensi-
tivities happen to be zero or very small, then a singular matrix may
occur.

A brief summary for the proposed optimization procedure is
depicted by the following steps.

(1) Analyze the initially designed structure for the damped
eigenvalues using Eq. (2).

(2) Compute the sensitivity data using Eq. (7).
(3) Evaluate the Lagrange multipliers using Eqs. (31) and (32).
(4) Update the various design variables a using Eq. (26).
(5) Check convergence. If \a,k - aj /a,k is less than a predeter-

mined value e for all of the design variables, stop. Otherwise, go to
step 1.

and, f o r / = 1,2, . . . , / ,

•i) ( S^ -ul-(P-1) 1 + — a, = I m ( V ) -Im(^.) (30)aa.
- u, I - u,l

where Re (A, ) and Im (A,,- ) stand for the desired values for the
/th constraint, and the superscript u, I means the desired value for
(A,,) may either be an upper bound or a lower bound value.

f—AAAA—I

i c2
 1M2 - c? -?

Fig. 1 Spring-mass-damper system.
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Numerical Examples
Two numerical examples are employed to demonstrate the

effects of the structural optimization using this proposed method.
The first example is a seven-degree-of-freedom spring-mass-
damper system as shown in Fig. 1. The initial values of the spring
constants, the damping coefficients, and the lumped masses are
given in Table 1.

The first constraint requires that the real part of the first
damped eigenvalue be less than —0.100 and the imaginary part be
greater than 8.000. The second constraint demands that the real
part of the third damped eigenvalue be less than —0.500 and the
imaginary part be greater than 18.000. The weights associated
with each spring and damper are assumed to be equal to the values
of the spring constant and the damping coefficient of the damper,
respectively. That is, the larger the design variable value, the
heavier the weight. The side constraints allow each design vari-
able to vary between 0.1 to 4 times of its initially given value.
After 11 design iterations, convergence is reached. The final
design is shown in Table 2. The design history of the structural
weight change and the constrained damped eigenvalues is given in
Table 3.

The second numerical example is an in-plane cantilever beam.
One translational DOF in the y direction and one rotational DOF in
the zz direction are allowed at each free node. Two sets of spring-
damper systems are connected between node point 4 and the
ground and also between node point 9 and the ground as shown in
Fig. 2. The initial values of the design variables k and c are given
along with the figure. The Young's modulus is assumed to be 107

psi. The mass density is 0.0002588 Ib-s2/in.4 The uniform cross-
sectional area and the area of moment of inertia are 3.0 in.2 and
0.25 in.4, respectively. The behavior constraint is set to have the
first damped eigenvalue equal to -20.0+253.0/. The weight asso-
ciated with each design variable equals the value of the spring con-
stant or the damping coefficient accordingly. No side constraints
are imposed. Twelve iterations are taken to get the optimum

Table 2 Optimum solution of example 1

Iteration
no.a'b

0*
1*
2*
3*
4*
5*
6*
7*
8*
9

10
11

Design
variable no.

1
2
3
4
5
6
7
8
9

10
11
12
13
14

Table 3
Weight,

Ib
47,095
58,195
63,878
62,766
61,654
60,870
60,294
59,996
59,990
60,000
60,000
60,000

Kh
Ib/in.
14,369
13,358
10,293
8,002
7,071
5,631
1,100
__
——
——
——
——
——
——

C/.
Ib-s/in.

——
——
——
——
——
——
——

3.0
2.5
2.0

160.0
5.0
2.0
1.0

Iteration history of example 1

First eigenvalue
*i

-0.084 + 5.7S8/
-0.092 + 7.399i
-0.100 + 7.968/
-0.099 + 7.999/
-0.100 + 7.999/
-0.100 + 8.000/
-0.100 + 8.000/
-0.094 + 8.000/
-0.100 + 7.999/
-0.100 + 8.000/
-0.100 + 8.000*
-O.lOO + S.OOOi

Third eigenvalue
X3

-0.687 + 14.459i
-0.484+16.5211
-0.502+17.8991
-0.483 + 18.000/
-0.498 + 17.997/
-0.497+ 17.998/
-0.493 + 17.998z
-0.474 +17.987/
-0.501 + 17.999i
-0.500 +18.000/
-0.500+18.0001
-0.500+18.000*

2 3 ^ 5 6 7 6
1
J JL,

K \ 1 1 r- v^> 1 1 k* &•"

*£ '"VV
12

9 10 11
| ———— X

I [^ K1=1000 lb/in
^> LIJC2 K2=100C lb/in

• — j— T c i=l Ib-s/in
T^W C.=l Ib-s/in

13

Fig. 2 Cantilever beam with spring-damper absorber.

Table 4 Optimum solution of example 2
Design variable
no., type
1,^1
2, KI
3, Cl
4,C2

^ , lb/in.
or C/ ,lb-s/in.

0.1000
1425.6
0.0001
0.9904

Table 5 Iteration history of example 2
Iteration Weight,
no.a'b Ib
0* 2002.0
1* 1882.4
2* 1684.1
3* 1564.6
4* 1500.7
5* 1466.8
6* 1448.5
7 1438.6
8 1433.1
9 1430.2

10 1428.6
11 1427.7
12 1427.2

First eigenvalue
A-!

-22.334 + 219.87*
-19.937 + 249.96*
-19.854 + 252.87*
-19.677 + 253.03*
-19.994 + 252.99*
-19.998 + 253.00*
-19.999 + 253.00*
-20.000 + 253.00*
-20.000 + 253.00*
-20.000 + 253.00*
-20.000 + 253.00*
-20.000 + 253.00*
-20.000 + 253.00*

Iteration 0 represents the initial design.
bThe superscript * means infeasible solution.

Iteration 0 represents the initial design.
The superscript * means infeasible solution.

design. Table 4 contains the final design values for the four design
variables. Table 5 records the design iteration history.

The implementation of this proposed approach to a structured
existing computer program is quite easy. Since the transformed
state-space formulation is in the same form as that for the
undamped system, any algorithm which is used to solve the
undamped eigenvalue constraint problem can be borrowed to solve
this damped problem by simply replacing some matrices with the
ones for the damped system.

Concerning the stability of convergence, the relaxation factor p
is varied between 0 and 0.9 with increments of 0.1. The two exam-
ples are run with these p values. For the first example, when p
equals zero, i.e., the largest step size is used, the third eigenvalue
becomes overdamped after one iteration. The method fails since a
singular matrix is formed by Eqs. (31) and (32). When p equals
0.1, the step size is still too large, and a mild oscillation is
observed. The problem has not converged after 50 iterations. For
other p values, after one overshooting, the problem converges sta-
bly. For p values less than 0.8, the iteration process converges
quickly. For the second example, all cases converge stably. But for
P = 0.9, the problem converges slowly since the step size allowed
is too small. Based on these two examples, the efficient value for p
falls between 0.4 and 0.7.

One drawback of this approach is that the transformation of the
problem into state-space form doubles the problem's dimension.
The computational efficiency of structural optimization is very
important for a large-scale structure. Therefore, an approximate
model needs to be used in the reanalysis of the modified structure



CHEN AND WANG: NONPROPORTIONALLY DAMPED STRUCTURES 419

to increase the efficiency for processing a complex structure.
Wang13 used the complex eigenvectors and their derivatives to
form an approximate model. Several test problems showed good
approximations using his proposed method. However, sometimes
the unstable eigenvalues that have positive real parts would
appear. Careful incorporation of any efficient reanalysis method
with the currently proposed optimization approach may establish
an efficient design optimization process for large-scale nonpropor-
tionally damped structures.

Conclusions
An approach that optimizes nonproportionally damped struc-

tures using the method of optimality criterion is established in this
paper. The analysis of the damped system is indirectly performed
in a transformed state-space form that is similar to an undamped
eigensystem problem. It is shown that the proposed method is easy
to implement. Furthermore, simple numerical examples demon-
strate quick and stable convergence.
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